INTRODUCTION
In this paper we investigate the existence of infinitely many solutions u = u (x, t) > 0 of the fast-diffusion equation posed in Q = f (x, t) : x E R, t > 0~, taking initial data where uo E (R) , uo > 0. The nonlinear evolution equation (0.1} has been proposed in several physical applications in the range of exponents m 1 as a model of diffusive phenomena where the diffusivity tends to infinity as u -0, thus receiving the name of fast-diffusion equation. Thus, the case m = 0 (i.e. ut = (log appears for instance in the expansion of a thermalized electron cloud (Lonngren and Hirose [LH] ), in gas kinetics (Carleman' s model of Boltzman equation, Carleman [C] , McKean [MK] ), in ion exchange kinetics (Hellfrich and Plesset [HP] ). Recently, Chayes, Osher and Ralston [COR] studied equation (0.1) for m 0 in connection with self-organized critical phenomena. It is also proved in [RV 1 ] that the "Neumann data" f and g cannot take negative values. Since the usual comparison theorems are valid, it follows that when f and g vanish identically we obtain the maximal solution of the problem. This solution has been investigated in an earlier paper with J. R. Esteban [ERV] and has special properties which it shares with the unique solution of the Cauchy Problem when m > 0. A complete characterization of maximal solutions for general data measures is done in [RV2] .
The aim of this paper is to clarify the existence of multiple solutions for the Cauchy Problem in the case when the initial data ~co is not integrable, but merely locally integrable function, i.e. uo e (R) , Uo tf. L1 (R) . Some results are already known for this problem. The existence of a maximal solution u E C ([0, oo) : (R) ) which is C~-smooth in Q is also shown in [ERV] . Nonmaximal [T2] , Zhang [Z] and Chayes et al. [COR] . Self-similar solutions are also constructed by van Duijn, Gomes and Zhang [DGZ] . All the above-mentioned cases of non-uniqueness concern solutions which approach the "singular level" u = 0. It could be conjectured that data which stay away from that level, like uo (x) = 1, would not admit multiple solutions. In fact, the main purpose of this work is to show that such assertion is always false, and more precisely, that for every nontrivial initial data uo E Ltoc (R) [ERV] .
(ii) We resume the proof. Let Remark. -Condition (3.2) is the typical condition at infinity satisfied by the maximal solutions with zero flux, see [ERV] , [RV2] . Therefore, our solution is "maximal at +oo'B Our results cover the travelling waves treated in [Tl] , [Z] or [COR] .
Proof -We are going to obtain the solution of the Cauchy problem as the limit of the solutions of the following mixed problems where uo, n is given by By [RV1] on one end at t = 0 but finite mass for t > 0 (two free parameters if the above situation occurs at both ends). The behaviour of the solutions of x = oo and has turned out to be independent of each other in the matters of concern in this study.
As for the characterization of the solutions we have shown the uniqueness of the solutions corresponding to situations at ±~ of the form: (i) infinite mass for all times (without any further specification), or (ii) finite mass for all times (with flux condition). The uniqueness of the solutions with infinite initial mass but finite mass for t > 0 is open (recall that these are the cases with additional parameters).
Observe also the behaviour of the solutions as Ixl --~ oc. If the flux, say f (t) is not zero then u -0 as x -oo with the rate same behaviour at -~. When the flux is zero we get 1/u O(|x|2/(1-m)), cf [ERV] .
We are talking about non-uniqueness of positive solutions to a Cauchy problem, something that does not happen for m > 0. Moreover, since the Though the data considered here are quite general, there are natural extensions. Thus, the initial data can be taken in the set of locally bounded measures. The corresponding study for maximal solutions is done in [RV2] [V] that finite mass solutions posed in a domain Q = RN x (0, T) exist only for N = 2 and m = 0.
Even in this case the results are different, cf [VER] .
